Let X be a smooth projective complex surface. D. Mumford [15] showed that the kernel of the Albanese map CH 0 (X) 0 → Alb(X) is 'huge' if p g (X) = 0 (where p g (X) = dim Γ(X, Ω 2 X )). Then S. Bloch [5] conjectured that the condition p g (X) = 0 should conversely imply (a) The Albanese map CH 0 (X) 0 → Alb(X) is injective.
Hodge cohomology, and denotes by H i H (X, A(k)), H i H p (X, A(k)), where A is a subring of R. In this paper we denote them by H i D (X, A(k)) ′ , H i D (X, A(k)) ′′ respectively. See (1.1) . Let X be a connected smooth projective variety. For an open subvariety U of X, let j U,X : U → X denote the inclusion morphism, and j * U,X the pull-back of Deligne cohomology. For an integer p, we prove in this paper the equivalence of the following conditions:
(a) Griffiths' Abel-Jacobi map CH p (X) 0
The pull-back j * X\Y,X vanishes if H 2p−2 (X, Q) is generated by algebraic cycle classes and Y is sufficiently large.
We study the cycle map of the higher Chow group to Deligne homology in the divisor case, and prove 0.1. Theorem. For a variety Y of pure dimension m, the cycle map induces isomorphisms
and CH 1 (Y, n) = 0 for n > 1. If m = 1 or n = 1, the isomorphisms hold also for H D 2m−2+n (Y, Z(m − 1)). Indeed, using the compatibility of the cycle map with the localization exact sequence, this is reduced to the smooth case, where the assertion is more or less well-known. See (2.7) . It is also possible to describe H D 2m−2 (Y, Z(m − 1)) ′′ by using the normalization of Y . See (2.9) . This may be useful for explicit calculation.
By the localization exact sequence, (0.1) for n = 0 immediately implies 0.2. Corollary. For an integer p, we have a canonical exact sequence
where H 2p−1 D (X \ Y, Z(p)) ′′ may be replaced by H 2p−1 D (X \ Y, Z(p)) ′ , and the inductive limit is taken over closed subvarieties Y of X with pure codimension p − 1. If p = dim X, this holds also for H 2p−1
In Sect. 1, we review some elementary facts from the theories of Deligne cohomology and mixed Hodge Modules which are needed in this paper. In Sect. 2, we recall the definition of Bloch's higher Chow groups and the cycle map, and prove (0.1-2) together with the equivalence of (a), (b) and (c).
In this paper a variety means a separated scheme of finite type over C. All sheaves are considered on the associated analytic space.
Deligne cohomology and mixed Hodge Modules
1.1. Deligne cohomology (see [2, 3, 11, 12, 13, 14] , etc.) Let X be a smooth variety, andX a smooth compactification of X such that D :=X \ X is a divisor with normal crossings. Let j : X →X denote the inclusion morphism. Let A be Z or Q for simplicity in this paper. Then A-Deligne cohomology H i D (X, A(k)) is defined to be the i-th cohomology group of C
For a complex variety X in general, let K = (K A , (K Q , W ), (K C , F, W )) be the complex of graded-polarizable mixed A-Hodge structures corresponding by [3, 3.11 ] to the mixed Hodge complex calculating the cohomology of X which is defined by using a simplicial resolution of a compactification of X as in [10] . Let MHS(A) p (resp. MHS(A)) denote the abelian category of graded-polarizable (resp. not necessarily graded-polarizable) mixed A-Hodge structures. Then we define A-Deligne cohomology in the generalized sense by
The last two are called absolute Hodge cohomology in [3] , and denoted respectively by
). By loc. cit. we have natural morphisms
Similarly, let K ′ = (K ′ A , (K ′ Q , W ), (K ′ C , F, W )) be the dual of the complex of gradedpolarizable mixed A-Hodge structures corresponding by [3, 3.11 ] to the mixed Hodge complex calculating the cohomology with compact support of X which is defined by using a simplicial resolution of a compactification of X together with that of the divisor at infinity. Then we define A-Deligne homology in the generalized sense by
We have also natural morphisms
If X is smooth of pure dimension n, then K = K ′ (n)[2n] so that
and similarly for H D i (X, A(k)) ′ , etc. For a mixed A-Hodge structure H = (H A , (H Q , W ), (H C , F, W )) and an integer k, we define
(Similarly for F k H A (k).) Then we have short exact sequences
because J ′ (H(k)) = Ext 1 MHS(A) (A, H(k)), J ′′ (H(k)) = Ext 1 MHS(A) p (A, H(k)) by [9] and the semisimplicity of polarizable Hodge structures. We have also
) and H D i (X, A(k)) (together with Deligne local cohomology) satisfy the axioms of Bloch-Ogus [8] . See [2] , [13] , [14] , etc. In particular, we have a canonical long exact sequence
The assertion for H D i (X, Q(k)) ′′ follows also from [22] using (1.4) below.)
Lemma. The natural morphisms
) ′ are isomorphisms if the following conditions are satisfied respectively:
We have the corresponding assertion for Deligne homology where
Proof. This is clear by (1.1.1).
1.3. Mixed Hodge Modules (see [19] ). For a variety X we denote by MHM(X) the abelian category of mixed Q-Hodge Modules on X, and D b MHM(X) its derived category consisting of bounded complexes of mixed Q-Hodge Modules. There is a natural functor rat :
c (X an , Q) consisting of Q-complexes whose cohomology sheaves are algebraically constructible. We denote by H i : D b MHM(X) → MHM(X) the usual cohomology functor.
For morphisms f of algebraic varieties we have canonically defined functors f * , f ! , f * , f ! between the derived categories of mixed Q-Hodge Modules. They are compatible with the corresponding functors of Q-complexes via the functor rat. For a closed embedding i : X → Y , the direct image i * will be omitted sometimes in order to simplify the notation, because
is fully faithful. If X = Spec C we have naturally an equivalence of categories
Here the right-hand side is as in (1.1). So MHM(Spec C) will be identified with MHS(Q) p . We denote by Q(j) the mixed Hodge structure of type (−j, −j) whose underlying Qvector space is (2πi) j Q ⊂ C. See [10] . For a variety X with structure morphism a X : X → Spec C, we define
. We will write Q H X for Q H X (0), and similarly for D H X . If X is smooth of pure dimension n, we have a canonical isomorphism
1.4. Proposition. With the notation of (1.1) and (1.3) we have canonical isomorphisms
1.5. Remark. Let X be a reduced variety of pure dimension n, and X i be the irreducible components of X. Let Rat(X) * = Rat(X i ) * with Rat(X i ) the rational function field of X i . Then by [12, 2.12] , [14, 3.1] we have a canonical isomorphism [12, 2.12] . In this case, the left-hand side of (1.5.1) is isomorphic to Ext 1 (Z X , Z X (1)) (where Ext 1 is taken in the category of admissible variation of mixed Hodge structures), and the assertion is related with the theory of 1-motives [10] , and is more or less well-known. Indeed, if X is a point, the assertion is verified by calculating the period of the mixed Hodge structure on 
Let Y i be the irreducible components of Y with dimension n − 1. Then we have a canonical isomorphism
Higher Chow groups and cycle maps
2.1. Higher Chow groups ( [6] ). Let ∆ n = Spec(C[t 0 , . . . , t n ]/( t i − 1)). For a subset I of {0, . . . , n}, let ∆ n I = {t i = 0 (i ∈ I)} ⊂ ∆ n . It is naturally isomorphic to ∆ m with m = n − |I| (fixing the order of the coordinates), and is called a face of ∆ n . For 0 ≤ i ≤ n, we have inclusions ι i : ∆ n−1 → ∆ n such that its image is ∆ n {i} .
Let X be an equidimensional variety. Then X × ∆ n I is also called a face of X × ∆ n . Following Bloch, we define z p (X, n) to be the free abelian group with generators the irreducible closed subvarieties of X × ∆ n of codimension p, intersecting all the faces of X × ∆ n properly. We have face maps
Then ∂ 2 = 0, and CH p (X, n) is defined to be Ker ∂/Im ∂ which is a subquotient of z p (X, n). By [6] it is isomorphic to
is a quasi-isomorphism. (For this, we can consider first the subcomplex defined by Ker ∂ 0 , using a homotopy given by the zeroth degeneracy, and then proceed inductively.)
2.2.
Functoriality. Let f : X → Y be a proper morphism of varieties, and put r = dim X − dim Y . Then we have the pushforward functor f * : CH p (X, n) → CH p−r (Y, n).
In fact, for a face map ι : ∆ m → ∆ n , Bloch showed the commutative diagram
As for the pull-back, we have f * : CH p (Y, n) → CH p (X, n) if f is flat or X, Y are quasiprojective and Y is smooth. See loc. cit. In the latter case, we have a quasi-isomorphic subcomplex z p f (Y, n) of z p (Y, n) on which the pull-back f * is naturally defined.
Cycle map.
Let X be an equidimensional variety. By [21] and (1.4) we have a cycle map
where d = dim X − p, and the target becomes H 2p−n D (X, Q(p)) by if X is smooth. Indeed, let S n−1 = ∆ n {i} ⊂ ∆ n , U = ∆ n \ S n−1 with the inclusion morphisms i : S n−1 → ∆ n , j : U → ∆ n . Then
Then the coefficients n k of Z k induces a morphism
, where IC Z k Q H denotes the mixed Hodge Module whose underlying perverse sheaf is the intersection complex IC Z k Q [4] . Let π : X × ∆ n → X be the first projection, and let j denote also id × j : X × U → X × ∆ n (and the same for i). Then
But they follow from the condition on proper intersection together with ζ ∈ 0≤i≤n Ker ∂ i . For the well-definedness of the cycle map, it is enough to show its invariance under a deformation of cycle parametrized by A 1 (using a blow-up of ∆ n ).
Remark. The cycle map for n = 0 is defined with integral coefficients by the composition of [13] , etc. If X is smooth proper, this coincides with Deligne's cycle map, which is defined by the composition of
where K is as in (1.1). It induces Griffiths' Abel-Jacobi map (2.3.5) CH p (X) 0 → J p (X) := Ext 1 MHS (Z, H 2p−1 (X, Z)(p)). See [11] (and also [19, (4.5.20) ]), etc. Here J p (X) is Griffiths' intermediate Jacobian by [9] . (This can be defined if X is not proper.) If p = dim X, (2.3.5) is the Albanese map. 2.5. Proposition. Let X be a quasi-projective variety, and Y a closed subvariety. Assume X, Y are equidimensional. Let r = codim X Y , and d = dim X − p. Then the cycle map induces a morphism of long exact sequences
where the first exact sequence comes from [6, 3.1] (choosing the sign appropriately), and the second from (1.1.3) .
Proof. The assertion is clear except for the commutativity of the left part of the diagram.
where the direct images by closed embeddings are omitted to simplify the notation. See (1.3.1). Let ζ ∈ CH p (X \ Y, n + 1), and ζ ′ be a natural extension of ζ to X × ∆ n+1 so that the imageζ of ζ in CH p (Y, n) is given by the restriction of ζ ′ to X × ∆ n . Then ζ ′ defines
such that its restriction to (X \ Y ) × ∆ n vanishes. (Here d ′ = dim X − p + n, and j ′ denotes also id × j ′ .) So it induces
using the external product of the above two distinguished triangles. We see that ξ ′ coincides with the image ofζ by the cycle map, and the second distinguished triangle induces an isomorphism (a ∆ n ) * j n
So the assertion is reduced to the next lemma. (Here we represent the middle terms of the distinguished triangles by the mapping cone of the morphism of the other terms so that we get short exact sequences as below.) 2.6. Lemma. Let {K i,j, • } be a square diagram of short exact sequences of complexes of an abelian category, i.e. K i,j,k = 0 for |i| > 1 or |j| > 1, and K i−1,j,k → K i,j,k → K i+1,j,k is exact (and the same for the index j). Assume H k−1 (K 1,1, • ) = 0, and let ξ ∈ H k (K 0,0, • ) such that its image in H k (K 1,1 
that the images of ξ, ξ ′ in H k (K 0,1, • ) coincide and the images of ξ, ξ ′′ in H k (K 1,0, • ) coincide. Then the images of ξ ′ , ξ ′′ in H k+1 (K −1,−1, • ) coincide up to sign.
Proof. Let ξ denote also an element of K 0,0,k representing ξ. We may assume that the image of ξ in K 1,1,k vanishes by replacing the representative if necessary. Then the image of ξ in K 0,1,k belongs to K −1,1,k , and it is ξ ′ . (Similarly for ξ ′′ .) Letξ ′ ,ξ ′′ denote lifts of ξ ′ , ξ ′′ to K −1,0,k , K 0,−1,k respectively. Considerξ =ξ ′ +ξ ′′ − ξ in K 0,0,k . Then its images in K 1,0,k , K 0,1,k vanish and it belongs to K −1,−1,k . So the assertion follows from dξ = dξ ′ + dξ ′′ .
2.7.
Proof of (0.1). It is enough to show the assertion for H D 2m−2+n (Y, Z(m − 1)) ′′ by (1.2). We apply (2.5) to Y and a divisor Z on Y containing Sing Y . Let U = Y \ Z. We have CH 0 (Z, n) = 0 for n > 0 by (2.1.1), and CH 1 (U, 0) = CH 1 (U ), CH 1 (U, 1) = Γ(U, G m ) and CH 1 (U, n) = 0 for n > 1 by [6, 6.1] . On the other hand, H D 2m−2+n (Y, Q(m − 1)) ′′ = 0 for n > 1 by (1.1.2). So the assertion follows from [12, 2.12] and [22, I, (3.4 
. Note that we have the surjectivity of the cycle map CH 1 (U ) → H D 2m−2 (U, Z(m − 1)) ′′ in loc. cit, because H 1 (X, Z) is torsion free for a smooth projective variety X.
In general, the assertion is reduced to the smooth case by using the cycle map of the localization exact sequence
to the corresponding exact sequence of Deligne homology. Here the cycle map with integral coefficients is not yet defined for CH 1 (Y, 1), CH 1 (U, 1). But it can be defined for CH 1 (U, 1) in a compatible way with the morphism to CH 0 (Z) by using (1.5.1) and [6, 6.1].
2.8.
Remarks. (i) In general, the isomorphism CH 1 (Y ) = H D 2m−2 (Y, Z(m − 1)) does not hold (even for a smooth Y ). See [22, I, (3.5) ]. (In Remark (i) of loc. cit. the assumption of the second statement should be replaced by the condition that H 2 (X, Q) ∩ F 1 H 2 (X, C) is not contained in W 2 H 2 (X, Q).) (ii) The equivalence of (b) and (c) follows from (0.1) for n = 1 and (2.5), which we apply to X and a closed subvariety of pure codimension p − 1. The equivalence of (a) and (c) follows from (2.5) and (0.1) for n = 0.
2.9.
Relation with the normalization. We can express H D 2m−2 (Y, Z(m − 1)) and CH 1 (Y ) by using the normalization of Y . This may be useful for explicit calculation.
Let Y be a connected variety of pure dimension m with Y k (1 ≤ k ≤ r) the irreducible components of Y . LetỸ be the disjoint union of the normalizationsỸ k of Y k with π : Y → Y the natural morphism. Let D = {y ∈ Y : |π −1 (y)| > 1}. We assumeỸ is smooth, D is a smooth closed subvariety of Y with pure codimension one, and π * ZỸ | D is a local system. (We may assume these because CH 1 (Y ) and H D 2m−2 (Y, Z(m − 1)) do not change by deleting a closed subvariety of codimension > 1.) LetD = π −1 (D), andD i (i ∈ I), D j (j ∈ J) be connected components ofD, D. Put
We define E j = Ker(Tr : ⊕ i∈I j π * ZD i → Z D j ), E j = H 0 (D j , E j ), and E = ⊕ j E j . Let d i be the degree ofD i over π(D i ). Then E j is naturally identified with
Let E ′ = ⊕ j∈J H 1 (D j , E j ). (This may have torsion which is related to the cokernel of CH 1 (Ỹ ) → CH 1 (Y ).) Then we have an exact sequence
where γ is defined by (a i ) → i a i cl([D i ]). Here cl([D i ]) denotes the cycle class.
We define E 0 = Ker γ ⊂ E so that we get
The associated extension class is denoted by e ∈ Ext 1 MHS (E 0 , H 1 (Ỹ , Z)(1)). Let CH 1 (Y ) 0 denote the subgroup of CH 1 (Y ) consisting of Borel-Moore homologically equivalent to zero cycles. Then the cycle map induces an isomorphism of exact sequences Indeed, let CH 1 (Y ) ′ = Im(CH 1 (Ỹ ) → CH 1 (Y )), CH 1 (Y ) ′0 = CH 1 (Y ) ′ ∩ CH 1 (Y ) 0 . Then, for the exactness of the first row, it is sufficient to show (2.9.4)
This is reduced to the case where the cycle is supported on Sing Y , and follows from the localization exact sequence for Borel-Moore homology. The second row is induced by (2.9.2), and we can show that for u ∈ Hom MHS (Z, E 0 ), (2.9.5) e • u ∈ Ext 1 MHS (Z, H 1 (Ỹ , Z)(1)) coincides with the image of i a i [D i ] by the Abel-Jacobi map, where (a i ) = u(1) ∈ E 0 . This is verified by using a natural morphism of (2.9.2) to 0 → H 1 (Ỹ , Z)(1) → H 1 (Ỹ \D, Z)(1) → H 0 (D, Z).
